Abstract. As a generalization of nil clean ideal, we define weak nil clean ideal of a ring. An ideal I of a ring R is weak nil clean ideal if for any x ∈ I, either x = e + n or x = −e + n, where n is a nilpotent element and e is an idempotent element of R. Some interesting properties of weak nil clean ideal and its relation with weak nil clean ring have been discussed.
Introduction
In this article, rings are associative with unity. The Jacobson radical, set of units, set of idempotents, set of nilpotent elements and centre of a ring R are denoted by J(R), U(R), Idem(R), Nil(R) and C(R) respectively. Nicholson [6] defined an element x of a ring R to be a clean element, if x = e + u for some e ∈ Idem(R), u ∈ U(R) and called the ring R as clean ring if all its elements are clean. Diesl [5] defined a ring R to be nil clean ring if every element of R can be written as a sum of an idempotent and a nilpotent element of R. Weakening the condition of clean ring, Ahn and Anderson [1] defined a ring R to be weakly clean, if every x ∈ R can be expressed as x = u + e or x = u − e, where u ∈ U(R), e ∈ Idem(R). Also Basnet and Bhattacharyya [2] defined a ring R to be weak nil clean, if every element x ∈ R can be written as x = n + e or x = n − e, where n ∈ Nil(R) and e ∈ Idem(R). H. Chen and M. Chen [3] defined an ideal I of a ring R to be clean ideal, if for any x ∈ I, x = u + e, for some u ∈ U(R) and e ∈ Idem(R). They proved that every ideal having stable range one of a regular ring is clean. Following the idea of clean ideal, Sharma and Basnet [7] defined an ideal I of a ring R to be nil clean ideal, if for any x ∈ I, x = n + e, where n ∈ Nil(R) and e ∈ Idem(R). They proved that for a nil clean expression of an element of a nil clean ideal of a ring R, the nilpotent and idempotent elements are actually elements of the ideal. Also they characterized a nil clean ring with its nil clean ideals. As a generalization of clean ideal, Sharma and Basnet [8] also introduced weakly clean ideal of a ring. An ideal I of a ring R is said to be weakly clean ideal, if for any x ∈ I, x = u + e or x = u − e, where u ∈ U(R) and e ∈ Idem(R).
In this article we introduce the notion of weak nil clean ideal as a generalization of nil clean ideal. An ideal I of a ring R is called weak nil clean ideal if for each a ∈ I, either a = e + n or a = −e + n, where e ∈ Idem(R) and n ∈ Nil(R). Here also we proved that for a weak nil clean expression of an element of a weak nil clean ideal of a ring R, the nilpotent and idempotent elements are actually elements of the ideal. Further we characterized a weak nil clean ring with its weak nil clean ideal and nil clean ideal of R. Also we discuss some interesting properties of weak nil clean ideals.
Weak nil clean ideal
Definition 2.1. An ideal I of a ring R is called weak nil clean ideal of R if for any x ∈ I, there exist e ∈ Idem(R) and n ∈ Nil(R) such that x = e + n or x = −e + n. Also I is called uniquely weak nil clean ideal of R if for any x ∈ I there exists a unique e ∈ Idem(R) such that x − e ∈ Nil(R) or x + e ∈ Nil(R).
Clear from the definition that every ideal of a weak nil clean ring is weak nil clean ideal. But there are non weak nil clean rings which contains some weak nil clean ideals, for example the ring Z p n , where n > 1 and p > 5, a prime number, is not weak nil clean ring but every proper ideal of Z p n is weak nil clean ideal. Another such example is given below.
Example 2.2. Let R 1 be weak nil clean ring and R 2 be non weak nil clean ring. Then R = R 1 ⊕ R 2 is not a weak nil clean ring. But clearly I = R 1 ⊕ 0 is weak nil clean ideal of R.
Observe that every nil clean ideal is weak nil clean ideal but the converse is not true as {0, 2, 4} is weak nil clean ideal of Z 6 but not nil clean ideal of Z 6 .
Lemma 2.3. Every weak nil clean ideal of a ring R is weakly clean ideal of R.
Proof. Let I be a weak nil clean ideal of R. For x ∈ I, either x = e + n or x = −e + n, where e ∈ Idem(R) and n ∈ Nil(R). If x = e + n then x = (1 − e) + (2e − 1 + n) and if x = −e + n then x = (1 − e) + (−1 + n), where 1 − e ∈ Idem(R) and −1 + n, 2e − 1 + n ∈ U(R).
The converse of Lemma 2.3 is not true as ideal {0, 3, 6, 9, 12} of Z 15 is weakly clean ideal but not weak nil clean ideal of Z 15 .
Proposition 2.4. If I is a weak nil clean ideal of a ring
Proof. Let x ∈ I ∩ J(R), so either x = e + n or x = −e + n, where e ∈ Idem(R) and n ∈ Nil(R). If x = e + n, then by Proposition 2.4 [7] , x = n. If x = −e + n then there exists k ∈ N such that n k = 0. Now
Thus the result follows. Let R be a ring. An element a ∈ R is called weakly clean element of type-I if a = e+u and called weakly clean element of type-II if a = −e+u, where e ∈ Idem(R) and u ∈ U(R). Definition 2.6. An ideal I of a ring R is said to be strongly weak nil clean ideal if for any x ∈ I, there exist e ∈ Idem(R) and n ∈ Nil(R) such that x = e + n or x = −e + n and en = ne. Also I is called strongly weakly clean ideal if for any x ∈ I, there exist e ∈ Idem(R) and u ∈ U(R) such that x = e + u or x = −e + u and eu = ue. Proof.
(1) Let I be a strongly weak nil clean ideal and a ∈ R. Then either a = e+n or a = −e+n, where e ∈ Idem(R), n ∈ Nil(R) and en = ne. If a = e+n then a = (1 − e) + (2e − 1 + n) is strongly weakly clean decomposition of a and also a−a 2 = (1−2e−n)n is nilpotent. If a = −e+n, then a = −(1−e)+(1−2e+n) is strongly weakly clean decomposition of a and also a + a 2 = (1 − 2e + n)n is nilpotent.
(2) Let a ∈ I, so either a = e+u or a = −e+u, where e ∈ Idem(R) and u ∈ U(R).
If a = e + u, then a − a 2 is nilpotent, which implies 1 − 2e − u is nilpotent and a = (1 − e) + (−1 + 2e + u), a strongly weak nil clean expression of a. If a = −e + u, then a + a 2 is nilpotent, which implies 1 − 2e + u is nilpotent and a = −(1 − e) + (1 − 2e + u), a strongly weak nil clean expression of a.
Lemma 2.8. Every idempotent in a uniquely weak nil clean ideal is a central idempotent.
Proof. Let I be a uniquely weak nil clean ideal of a ring R and e be any idempotent in I. For any x ∈ R, since e = (e+ ex(1 −e)) + (−ex(1 −e)) = e+ 0, so e+ ex(1 −e) = e ⇒ ex = exe, as e + ex(1 − e) ∈ Idem(R). Similarly we can show that xe = exe. Hence xe = ex.
The following theorem shows that, for a weak nil clean expression of an element of a weak nil clean ideal of a ring R, the nilpotent and idempotent elements are actually elements of the ideal.
Theorem 2.9. An ideal I of a ring R is weak nil clean ideal if and only if for any
x ∈ I, either x = e + n or x = −e + n, where e ∈ Idem(I) and n ∈ Nil(I).
Proof. Let I be a weak nil clean ideal of R and x ∈ I. There exist n ∈ Nil(R) and e ∈ Idem(R) such that either x = e + n or x = −e + n. So n k = 0, for some
Similarly if x = −e + n, then also we get e ∈ I. Hence n ∈ I, as required.
The following corollary is immediate.
Corollary 2.10. If R is a local ring, then every proper weak nil clean ideal of R is nil ideal. In fact if R has no non trivial idempotents, then every proper weak nil clean ideal of R is nil ideal.
In the following Theorem, we characterize weak nil clean ring R by weak nil clean ideal and nil clean ideal of R.
Theorem 2.11. R is a weak nil clean ring if and only if there exists a central idempotent e in R such that ideals generated by e and 1 − e are both weak nil clean ideals of R and one of them is nil clean ideal of R.
Proof. If R is weak nil clean ring, then e = 1 works. Conversely, without loss of generality assume that < e > is weak nil clean ideal and < 1 − e > is nil clean ideal of R. For x ∈ R, since R =< e > + < 1 − e >, so x = a + b, where a ∈< e > and b ∈< 1 − e >. There exist f 1 ∈ Idem(< e >) and n 1 ∈ Nil(< e >), such that either a = f 1 + n 1 or a = −f 1 + n 1 . If a = f 1 + n 1 , then we set b = f 2 + n 2 , where f 2 ∈ Idem(< 1 − e >) and n 2 ∈ Nil(< 1 − e >), then x = (f 1 + f 2 ) + (n 1 + n 2 ) is a nil clean expression of x in R. Also if a = −f 1 + n 1 then we set b = −f 2 + n 2 , where f 2 ∈ Idem(< 1 − e >) and n 2 ∈ Nil(< 1 − e >), so x = −(f 1 + f 2 ) + (n 1 + n 2 ) is a weak nil clean expression of x in R. Hence R is a weak nil clean ring.
A finite orthogonal set of idempotents e 1 , · · ·, e n in a ring R, is said to be complete set if e 1 + · · · + e n = 1. Now we generalize the above result in terms of complete set of idempotents. (⇐) Clearly < e 1 > + < e 2 > + · · · + < e n >= R, so similar to the proof of Theorem 2.11, we can show that R is weak nil clean ring. Proposition 2.13. Let I be an ideal of a ring R. Then the following are equivalent:
(1) I is weak nil clean ideal of R.
(2) There exists a complete set of central idempotents e 1 , · · ·, e n such that e i I is a weak nil clean ideal of e i R, for all i and at most one e i I is not nil clean ideal of e i R.
(2)⇒(1) Let e 1 , · · ·, e n be a complete set of idempotents in R such that e i I is a weak nil clean ideal of e i R, for all i and at most one e i I is not nil clean ideal of e i R. It is enough to show the result for n = 2. Clearly I = e 1 I ⊕e 2 I. Without loss of generality assume e 1 I is a nil clean ideal of e 1 R. Let x ∈ I, then x = a + b, where a ∈ e 1 I and b ∈ e 2 I, so there exist f 2 ∈ Idem(e 2 I) and m 2 ∈ Nil(e 2 I) such that either b = f 2 +m 2 or b = −f 2 + m 2 . If b = f 2 + m 2 , then we set a = f 1 + m 1 , where f 1 ∈ Idem(e 1 I) and m 1 ∈ Nil(e 1 I) and we get x = (f 1 +f 2 )+(m 1 +m 2 ) is a weak nil clean expression of x. If b = −f 2 + m 2 , then we set a = −f 1 + m 1 , where f 1 ∈ Idem(e 1 I) and m 1 ∈ Nil(e 1 I) and we get x = −(f 1 + f 2 ) + (m 1 + m 2 ) is a weak nil clean expression of x. Proof. If I 1 is weak nil clean ideal of R, then clearly I 1 /I is weak nil clean ideal of R/I. Conversely, let I 1 /I be weak nil clean ideal of R/I and x ∈ I 1 . Then either x = e+n or x = −e+n, where e ∈ Idem(I 1 /I) and n ∈ Nil(I 1 /I). Since idempotents can be lifted modulo nil ideal, so lift e to e ∈ I 1 . Then x − e or x + e is nilpotent in I 1 , modulo I and hence x − e or x + e is nilpotent in I 1 . 
is weak nil clean ideal if and only if each I i is weak nil clean ideal of R i and at most one I i is not nil clean ideal.
Proof. (⇒) Let I be weak nil clean ideal of R. Then being homomorphic image of I each I α is weak nil clean ideal of R α . Suppose I α 1 and I α 2 are not nil clean ideals, where α 1 = α 2 . Since I α 1 is not nil clean ideal, so not all elements x ∈ I α 1 are of the form x = n − e, where n ∈ Nil(R α 1 ) and e ∈ Idem(R α 1 ). As I α 1 is weak nil clean ideal of R α 1 , so there exists x α 1 ∈ I α 1 with x α 1 = n α 1 + e α 1 , where n α 1 ∈ Nil(R α 1 ) and e α 1 ∈ Idem(R α 1 ), but x α 1 = n − e, for any n ∈ Nil(R α 1 ) and e ∈ Idem(R α 1 ). Similarly there exists x α 2 ∈ I α 2 with x α 2 = n α 2 − e α 2 , where n α 2 ∈ Nil(R α 2 ) and e α 2 ∈ Idem(R α 2 ), but x α 2 = n + e, for any n ∈ Nil(R α 2 ) and e ∈ Idem(R α 2 ). Define
Then clearly x = n ± e, for any n ∈ Nil(R) and e ∈ Idem(R). Hence at most one I α is not nil clean ideal. (⇐) If each I α is nil clean ideal of R α then I = I α is nil clean ideal of R by Theorem 2.20 [7] and hence weak nil clean ideal of R. Assume I α 0 is weak nil clean ideal but not nil clean ideal of R α 0 and that all other I α 's are nil clean ideals of R α . If x = (x α ) ∈ I, then in I α 0 , we can write x α 0 = n α 0 + e α 0 or x α 0 = n α 0 − e α 0 , where n α 0 ∈ Nil(R α 0 ) and e α 0 ∈ Idem(R α 0 ). If x α 0 = n α 0 + e α 0 , then for α = α 0 we set, x α = n α + e α , where n α ∈ Nil(I α ) and e α ∈ Idem(I α ). If x α 0 = n α 0 − e α 0 , then for α = α 0 we set, x α = n α − e α , where n α ∈ Nil(I α ) and e α ∈ Idem(I α ); then n = (n α ) ∈ Nil(R) and e = (e α ) ∈ Idem(R), such that x = n + e or x = n − e and hence I is weak nil clean ideal of R.
If the collection of rings is infinite then Theorem 2.16 is not true as shown by the following example.
Example 2.17. Consider the ring R = Z 3 × Z 2 2 × Z 2 3 × · · ·, clearly for any n ∈ N, Z 2 n is weak nil clean ring and hence ideal generated by 2 in Z 2 n say < 2 > n is also weak nil clean ideal of Z 2 n . But the ideal I =< 3 > × < 2 > 2 × < 2 > 3 × · ·· is not weak nil clean ideal of R as (3, 2, 2, · · ·) ∈ I can not be written as a sum of an idempotent and a nilpotent element of R.
Next we study the relationship between weak nil clean ideal of a given ring R and weak nil clean ideal of upper triangular matrix ring T n (R). Here given a matrix X, X ij denotes the (i, j) th entry of X.
Lemma 2.18. For E, N ∈ T n (R) the following hold: Proof. Without loss of generality, assume that I and J are respectively nil clean and
where e ∈ Idem(I) and n ∈ Nil(I). Then x = e 0 0 f + n r 0 n 1 , where
where e ∈ Idem(I) and n ∈ Nil(I). Then x = − e 0 0 f + n r 0 n 1 , where n r 0 n 1 ∈ Nil(T ) and e 0 0 f ∈ Idem(T ) by Lemma 2.18.
For the converse, clearly I and J are weak nil clean ideals of R. Suppose both are not nil clean ideals of R. As I is not weak nil clean ideal of R, so there exists x ∈ I such that x = e 1 + n 1 , where e 1 ∈ Idem(I) and n 1 ∈ Nil(I) but x = n − e, for all n ∈ Nil(I) and e ∈ Idem(I). Similarly there exists y ∈ J such that y = −e 2 + n 2 , where e 2 ∈ Idem(J) and n 2 ∈ Nil(J) but y = n + e, for all n ∈ Nil(J) and e ∈ Idem(J). Then it is easy to see that x 0 0 y is not weak nil clean element of T .
Let R be a commutative ring and M be a R-module. Then the idealization of R and M is the ring R(M) with underlying set R × M under coordinatewise addition and multiplication given by (r, m)(r ′ , m ′ ) = (rr ′ , rm ′ + r ′ m), for all r, r ′ ∈ R and m, m ′ ∈ M. It is obvious that if I is an ideal of R then for any submodule N of M, I(N) = {(r, n) : r ∈ I , n ∈ N} is an ideal of R(M). First we mention basic existing results about idempotents and nilpotent elements in R(M) and study the nil clean ideals of the idealization R(M) of R and R-module M. Then either x = n + e or x = −e + n, for some e ∈ Idem(R) and n ∈ Nil(R). So either (x, m) = (e, 0) + (n, m) or (x, m) = −(e, 0) + (n, m), where (e, 0) ∈ Idem(R(M)) and (n, m) ∈ Nil(R(M)) by Lemma 2.20. (⇐) Let I(N) be a weak nil clean ideal of R(M) and r ∈ I. For (r, 0) ∈ I(N), either (r, 0) = (e, 0) + (n, 0) or (r, 0) = −(e, 0) + (n, 0), for some (e, 0) ∈ Idem(R(M)) and (n, 0) ∈ Nil(R(M)). By Lemma 2.20, we conclude that either r = e+n or r = −e+n, where e ∈ Idem(R) and n ∈ Nil(R).
In the following proposition we study about weak nil clean element of a corner ring. Proof. Let A 1 be strongly nil clean ideal of A and B 1 be strongly weak nil clean ideal of B respectively. Let x = a m n b ∈ I. Then there exist e ∈ Idem(B 1 ) and q ∈ Nil(B 1 ) such that either b = e + q or b = −e + q. If b = e + q, then set a = f + p, where f ∈ Idem(A 1 ) and p ∈ Nil(A 1 ) and we get, x = f 0 0 e + p m n q and p k = 0 and q k = 0, for some k ∈ N, where f 0 0 e ∈ Idem(R). Now from Theorem 2.28 [7] , we conclude that p m n q ∈ Nil(R). Also if b = −e+q then set a = −f +p and similar as above we can show that x is weak nil clean element of R.
